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Abstract
We study the asymptotic behaviour of the solution of a reaction–diffusion equation in a ε-periodic partially fractured medium
with Robin interface conditions. We consider a model where the solution has a jump of order ε−1 with respect to the flux which is
continuous at the interface. The macroscopic model consists of two semi-linear parabolic equations with a linear exchange term.
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1. Introduction
This work concerns the homogenization of a semi-linear reaction–diffusion equation with Robin interface
conditions. The basic set of equations considered here arises, for example, from flows in partially fissured porous
media made up of matrix blocks and a fissure system [1]. The stationary linear problem was already considered
in [2]. There has been some previous work on the homogenization of semi-linear parabolic equations, including the
homogenization of attractors, when the solution has no jump at the interface (see, e.g., [3–7] and the references
therein). Let us also mention that the homogenization of a nonlinear parabolic problem without a reaction term was
studied in [8].
The purpose of this work is to extend the result of [2] to a parabolic semi-linear reaction–diffusion equation. The
homogenization result is obtained by combining the two-scale convergence method (see [9,10]) and the variational
technique. The macroscopic model consists of two semi-linear parabolic equations with effective coefficients and an
extra term which could be seen as an exchange between the matrix and the fissure system.
First we summarize some notation, the microscopic problem is formulated and the general assumptions are stated.
We consider a reservoir  ⊂ Rd , 1 ≤ d ≤ 3, to be a bounded connected domain with a periodic structure. More
precisely, we will scale this periodic structure by a parameter ε which represents the ratio of the cell size to the size of
the whole region  and we will assume that ε is a parameter tending to zero. Let Y represent the microscopic domain
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of the basic cell of a fractured porous medium. For the sake of simplicity and without loss of generality, we assume
that Y is made up of two porous media Ym and Y f corresponding to the parties of the microscopic domain occupied by
the matrix block and the fracture, respectively. Thus Y = Y f ∪ Γ f m ∪ Ym , where Γ f m denotes the interface between
the two media. We denote by 1 the characteristic function of the set Y for  = f, m. Let ε with  = f, m denote
the open set filled with the porous medium . Then  = εf ∪ Γ εf m ∪ εm, where Γ εf m = ∂εm ∩ ∂εf . We will
assume that εf and εm are connected sets. Let ν denote the unit outward normal vector to Γ
ε
f m and T = ]0, T [×.
For simplicity, we assume that ∂ ∩ ∂εm = ∅.
We consider the following reaction–diffusion equation:

ω f uε, ft − div (kεf (x)∇uε, f ) + g(uε, f ) = Q(x) in ]0, T [ ×εf ;
ωmu
ε,m
t − div (kεm(x)∇uε,m) + g(uε,m) = Q(x) in ]0, T [ ×εm;
kεf (x)∇uε, f · ν = kεm(x)∇uε,m · ν = εσ ε(x)(uε,m − uε, f ) on ]0, T [ ×Γ εf m;
uε, f = 0 on ]0, T [×∂; uε,(0, x) = U(x) in ε ( = f, m),
(1)
where ω f , ωm > 0; the diffusion coefficient kε(x) and the function σε(x) are given by k
ε
(x) = k(x/ε) ( = f, m)
σε(x) = σ(x/ε) with k(y) and σ(y) being Y -periodic positive smooth real functions; Q ∈ L2(); U f ,Um ∈
H 1().
We assume that the function g = g(u) ∈ C1(R) has the following properties:
|g′(u)| < B0; ug(u) ≥ B1u2 − B2; G(u) ≡
∫ u
0
g(ξ)dξ ≥ B3u2 − B4, (2)
where (Bi )1≤i≤4 are constants such that B0, B1, B3 > 0.
Let us define Hε = (H 1(εf ) ∩ H 10 ()) × H 1(εm) and Lε = L2(εf ) × L2(εm) equipped with the norms
‖u‖2Hε = ‖u f ‖
2
H1(εf ) + ‖um‖
2
H1(εm)
and ‖u‖2Lε = ‖u f ‖
2
L2(εf ) + ‖um‖
2
L2(εm)
respectively.
Using the classical technique, for parabolic equations, developed for instance in [11], we can prove the following
result.
Theorem 1.1. Under the above assumptions, problem (1) has a unique solution uε = 〈uε, f , uε,m〉 such that
uε ∈ L∞(0, T ; Hε) and uεt ∈ L2(0, T ; Lε). Moreover the following uniform estimates hold:
‖uε(t)‖2Hε + ‖uεt ‖2L2(0,T ;Lε) + ε‖
√
σε(uε,m − uε, f )(t)‖2L2(Γ εf m) ≤ C; (3)
‖uε(t + 	t) − uε(t)‖2Lε ≤ C	t, (4)
where C is a constant independent of ε and t.
2. A homogenization result
In this section, we study the asymptotic behaviour of the solutions uε = 〈uε, f , uε,m〉 as ε → 0. The convergence of
the homogenization process is obtained by the technique of two-scale convergence (see, e.g., [9]). First we introduce
the extension operator: Eε, : L2(ε) → L2() which extends by zero functions defined in the subdomain ε to the
whole domain .
Now we are in position to formulate the main result of the work.
Theorem 2.1. Under the above assumptions, we have:
(i) For any t ∈ ]0, T [, Eε,[uε,] two-scale converge to u1 ( = f, m), where u(t, x) = 〈u f (t, x), um(t, x)〉 is the
unique solution of the following homogenized problem:

|Y f |ω f u ft − div (K ∗f (x)∇u f ) + |Y f |g(u f ) + S (u f − um) = |Y f |Q(x) in T ;
|Ym |ωmumt − div(K ∗m(x)∇um) + |Ym |g(um) − S (u f − um) = |Ym |Q(x) in T ;
u f = um = 0 on ]0, T [×∂; u(0, x) = U(x) in  ( = f, m),
(5)
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where |Y| denotes the measure of Y ( = f, m); the coefficient S and the homogenized tensor K ∗ = {κi j } ( = f, m)
are defined as follows:
S =
∫
Γ f m
σ(y) dsy; κi j =
∫
Y
k(y)(∇ywi + ei ) · (∇ywj + e j ) dy, (6)
where wi is the unique solution in H
1
# (Y) \ R of the local problem:
−divy
(
k(y)[∇ywi + ei ]
)
= 0 in Y; [∇ywi + ei ] · ν = 0 on Γ f m . (7)
Here ei is the i -th standard basis vector of Rd .
(ii) If in addition we assume the following extension condition (cf. [12]):
(E) There exist two families of extension operators Pε, : H 1(ε) → H 1() ( = f, m) such that
‖Pε,[uε,]‖H1() ≤ C‖uε,‖H1(ε) uniformly in ε > 0, and Pε,[uε,] = uε, in ε.
Then for any t ∈ ]0, T [, limε→0{‖Pε, f [uε, f ] − u f ‖L2() + ‖Pε,m [uε,m] − um‖L2()} = 0.
Proof. First, using the a priori estimates (3) and the two-scale convergence results in [9], we can prove the following
Lemma.
Lemma 2.1. Let uε be the solution of the problem (1). Then there exist a subsequence (still denoted by {uε}) and
u f , um ∈ H 1(0, T ; L2()) ∩ L∞(0, T ; H 1()) such that:
(i) for any t ∈ [0, T ], Eε,[uε,] two-scale converges to u1;
(ii) Eε,[uε,t ] two-scale converges in L2(T ) to ut 1;
(iii) for any t ∈ ]0, T [, Eε,[∇uε,] two-scale converges to (∇x u + ∇yv)1, where v ∈ L2(; H 1# (Y) \ R).
It is clear that the solution of the problem (1) satisfies, for a.e. t ∈ ]0, T [,

−div (kε(x)∇uε,) + g(uε,) + ωΛuε, = H ε in ε ( = f, m);
kεf (x)∇uε, f · ν = kεm(x)∇uε,m · ν = εσ ε(x)(uε,m − uε, f ) on Γ εf m;
uε, f = 0 on ∂,
(8)
with H ε = Q − ωuε,t + ωΛuε, where Λ is a parameter such that B0 + ωΛ > 0 ( = f, m). Thus, for any
∆t ⊂ [0, T ], uε = 〈uε, f , uε,m〉 minimizes the functional
I (ε)[u] =
∫
∆t
{ ∑
= f,m
∫
ε
[
1
2
kε |∇u|2 + G(u) − H ε u
]
dx + ε
∫
Γ εf m
σε (u f − um)2 dsx
}
dt (9)
over L∞(0, T ; Hε), where G(u) = G(u) + ωΛ2 u2 ( = f, m), G(u) is the primitive of g defined in (2). Notice that
G(u) is a convex function.
The aim of the following steps is to obtain the homogenized functional of I (ε).
Step 1 (upper bound). Let φ ∈ L∞(0, T ; C1(¯)) and ζ  ∈ L∞(0, T ; C1(; C1#(Y ))). Let wε, = φ(t, x) +
εζ (t, x, x
ε
). Then limε→0 I (ε)[uε] ≤ limε→0 I (ε)[wε]. We pass to the limit as ε → 0 in the right-hand side of this
inequality. Using Lemma 2.1 we obtain a functional which depends on φ, ζ . Then we minimize this functional with
respect to ζ and finally we get limε→0 I (ε)[uε] ≤ Ihom[φ], where
Ihom[φ] =
∫
∆t
{ ∑
= f,m
∫

[
1
2
D(φ) + |Y|
(
G(φ) − φH
)]
dx +
∫

S (φ f − φm)2dx
}
dt, (10)
with D(v) = K ∗ ∇v · ∇v and H = Q − ωut + ωΛu. By density, (10) remains true in [L∞(0, T ; H 1())]2.
Step 2 (lower bound). By using Lemma 2.1, the lower semicontinuity property of convex functionals with respect to
the two-scale convergence (cf. [9]), and the definition of two-scale convergence on periodic surfaces (cf. [10]), we
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obtain the inequality
limε→0
∫
∆t
{ ∑
= f,m
∫
ε
[
1
2
kε |∇uε,|2 + G(uε,) − Quε,
]
dx + ε
∫
Γ εf m
σε(uε, f − uε,m)2 dsx
}
dt
≥
∫
∆t
{ ∑
= f,m
∫

[
1
2
D(u)dx + |Y|
(
G(u) − Qu
)]
dx +
∫

S(u f − um)2dx
}
dt . (11)
Now from (10) and (11) we get
limε→0
∑
= f,m
∫
∆t
∫
ε
ω
(
uε,u
ε,
t − Λ|uε,|2
)
dx dt ≤
∑
= f,m
∫
∆t
ω|Y|
∫

(
uut − Λ|u|2
)
dx dt . (12)
On the other hand we have
lim
ε→0
∫ T
0
∫
ε
e−2Λt
(
uε,u
ε,
t − Λ|uε,|2
)
dx dt = lim
ε→0
1
2
(
e−2ΛT ‖uε,(T )‖2L2(ε) − ‖U‖
2
L2(ε)
)
≥ 1
2
|Y|
(
e−2ΛT ‖u(T )‖2L2() − ‖U‖2L2()
)
=
∫ T
0
|Y|
∫

e−2Λt
(
uut − Λ|u|2
)
dx dt . (13)
The inequality (13) implies that the strict inequality in (12) is impossible. Thus the pair of functions u = 〈u f , um〉
minimizes the homogenized functional Ihom in [L∞(0, T ; H 1())]2. Then, in a standard way, we obtain the
homogenized problem (5). Since the solution of this problem is unique, the convergence holds for the whole sequence
{uε}. Finally, the convergence result (ii) follows from (3) and the extension property (E). This completes the proof of
Theorem 2.1. 
Remark 1. As far as convergence in time is concerned, the uniform estimate (3) implies that uε,, uε,t ( = f, m)
are bounded in L2(]0, T [×ε). From these bounds and pointwise convergence in time one deduces that the functions
Eε,[uε,] two-scale converge in L2(T ) to u1 (see, e.g., [8]).
Remark 2. A simple construction of  where the assumption (E) is satisfied is obtained when εm is made of
intersecting bars (see [13]). In this case εf has the same topology structure as εm .
Remark 3. Using the technique developed in this work, we can show similar results for transmission conditions of the
form kεf (x)∇uε, f · ν = kεm(x)∇uε,m · ν = εγ σ ε(x)(uε,m − uε, f ) on ]0, T [×Γ εf m where γ is a parameter. For γ > 1
we have that S = 0 and the homogenized model consists of two independent equations, i.e. there is no exchange
between the matrices and the fissures. If γ < 1 then S = +∞ and the homogenized model is a unique semi-linear
parabolic equation.
Remark 4. The result of Theorem 2.1 can be generalized to the class of functions g ∈ C1(R) which satisfy the
following conditions:
µ0|u|p−1 − µ1 ≤ |g(u)| ≤ µ2
(
|u|p−1 + 1
)
; −∞ < B0 ≡ min
u∈R g
′(u), (14)
where 2 < p < 6 and µ0, µ1, µ2 > 0. Note that the assumptions (14) are less restrictive than conditions (2).
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